Let G = Z p 2 × Z p 3 be a finite group of order p 5 . Suppose that d is a divisor of the order of group G. In this article, we enumerated all automorphisms of G fixing d elements of G and denote them by Θ(G, d), we characterize the automorphism group as 2 by 2 matrices with entries are from finite groups. We also compute a formula for Θ(Q 4p , d), where Q 4p is the dicyclic group of order 4p, p is an odd prime and the divisor d ∈ {1, 2, 4, p, 2p, 4p}.
Introduction
The concept of group automorphisms was minded by the Irish mathematician William Rowan Hamilton in 1856. Fixed points of automorphisms is useful toll in many areas of Mathematics, Biology, Chemistry and Physics such as, Theory of phase transitions, Elliptic curves, Group theory, Coding theory, Graph theory and Lie algebra. In [2] David A. Smith discussed the fixed points of automorphisms group of a semi-simple Lie algebra. Several authors deliberate different properties of automorphism groups, see for further [3, 7, 8, 10, 11] . In [4] , Christoper J. Hillar and Darren L. Rhea found the automorphism group of finite abelian groups.
Similarly in [1, 5, 6 ] the authors discussed the fixed points of the automorphism group for different finite abelian groups, and denote Θ(G, d) the set of all those automorphisms fixing d elements of the group G, where d is the divisor of |G|.
In this paper, we found the fixed points of the automorphism group of Z p 2 ×Z p 3 and Q 4p , where p is a prime number. We recall some basic definitions and results, these will be used in this paper.
Remarks 2.5.
• Let G be a finite group, then |Aut(G)| = ΣΘ(d), where d means over all divisors of G.
• It is clear that for any Y ⊆ G, then Y Γ ≤ Aut(G).
• If Γ −1
G (K) may not be a group.
3 Structure of Z p 2 × Z p 3 and its automorphism group
For any prime p, the direct product Z p 2 × Z p 3 of two cyclic groups Z p 2 and Z p 3 , is a finite abelian group. In this case for each divisor d of the order of the group G, we get a subgroup. In [9] Keith Conrad found all the possible subgroups of the group Z p a × Z p b , where a, b are any positive integers. Let a = 2 and b = 3, we fix G = Z p 2 × Z p 3 , the following are proper subgroups of G. There are total p + 1 cyclic subgroups of order p. These subgroups are,
, where n ∈ Z p \ {0} and
Now there are total p 2 + p + 1 subgroups of order p 2 . One of them is noncyclic and all others are cyclic subgroups, these subgroups are denoted by
where n ∈ Z p \ {0},
and non-cyclic subgroup of order p 2 is denoted by
Next, there are total p 2 + p + 1 subgroups of order p 3 . Among those p 2 of them are cyclic subgroups and rest of those are non-cyclic subgroups.
The cyclic subgroups are of the form
and the non-cyclic subgroups are
Finally, there are total p + 1 subgroups of order p 4 , all are non-cyclic. We denote them as follows
Now to find automorphisms of Z p 2 × Z p 3 . We first understand endomorphism of Z p 2 ×Z p 3 . We can completely determine an endomorphism of Z p 2 ×Z p 3 by the image of (x, y) ∈ Z p 2 × Z p 3 , suppose
As the order of y divides p 3 , so the order of x t y r should divide p 3 . Therefore x t must divide p 3 , implies that t must be a multiple of p. So we can write
a, t are determined up to congruence mod p 2 , and b, r are determined up to congruence mod p 3 . So, this can be represented by a matrix,
where the first row is of modulo p 2 , and the second row is of modulo p 3 . This computation shows that the composition of endomorphisms corresponds to matrix multiplication and is well defined.
The matrix is non singular iff (ar − tbp) and p are coprime, so then an endomorphism is an automorphism iff gcd(ar − tbp, p) = 1. Hence,
where Φ is the Euler phi function.
4 Main proof of the theorem fixed points of
We split the proof for the different divisors d in the form of following lemmas.
Hence proved.
Lemma 4.2. For the subgroup
Proof.
Since, there are two variables a and t only, where the possibilities for both a and t is p, therefore the order of
Proof. Since,
Similarly,
T hus,
Thus, the order of
, where Φ is the Euler phi function.
Therefore, 
Proof. First we calculate a subgroup generated by 1 0 and then 0 p
Since, there are two variables b and r only, where the possibilities for both b and r is p 2 . Hence,
Lemma 4.7. For the subgroup H p of the group G, we have
This completes the proof.
Lemma 4.8. The identity automorphism only fixes the set
Therefore, the 1st congruence gives the only possibility that a = 1, b = 0 and the 2nd is t = 0, d = 1, so a b pt r = 1 0 0 1 thus,
Now, we subtract all those automorphisms fixing Θ(p 5 ) and Θ(p 4 ), so we get
Which is required.
Next, we calculate all those automorphisms fixing at least p 2 elements, then we subtract all those automorphisms fixing more then p 2 elements. For this first we proof the following lemmas, Lemma 4.10. For a subgroup of the group G of the form
and |(C) Γ | = p 6 , which is required.
, for each n ∈ Z p \ {0}, and a non cyclic subgroup is |(C) Γ | = p 6 . So then
Next, we calculate Θ(p), i.e., all those automorphisms fixing p elements. Then we subtract Θ(p 2 ), Θ(p 3 ), Θ(p 4 ) and Θ(p 5 ) form Θ(p).
Θ values of finite dicyclic group Q 4n
For any n ≥ 2, the dicyclic group Q 4n is a non-abelian group of order 4n. The presentation of Q 4n is Q 4n =< x, y | x 2n = e, x n = y 2 , xy = ya −1 >. In this section, we discuss the automorphism group of Q 4n and their fixed points. The automorphism group of Q 4n is given by
Remarks 5.1. The order of Aut(Q 4n ) is 2nΦ(2n), where Φ is the Euler's phi function.
Theorem 5.2. For Q 4p , where p is an odd prime, we have
(1) We first deal for d = 4p. Since, the identity automorphism g 1,0 is the only automorphism that fixes the whole group Q 4p , so Θ(Q 4p , 4p) = 1.
(2) Now for d = 2p, we calculate
for the cyclic subgroup K =< x > of order 2p. For this, suppose 1 ≤ i ≤ 2p − 1 be any integer, then g a,i (x i ) = x i but g a,i (x l y) = x i+l y = x i y. This follows that only g a,i fixes K, implies that g a,i ∈ Γ 
